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Abstract
Let Γ be a distance-regular graph of diameter d , and t be an integer with 2 ≤ t ≤ d − 1 such
that at−1 = 0. For any pair (u, v) of vertices, let Π (u, v) be the subgraph induced by the vertices
lying on shortest paths between u and v. We prove that if Π (u, v) is a bipartite geodetically closed
subgraph for some pair (u, v) of vertices at distance t , then Π (x, y) is a bipartite geodetically closed
subgraph for any pair (x, y) of vertices at distance less than or equal to t . In particular, Π (x, y) is
either a path, an ordinary polygon, a hyper cube or a projective incidence graph.
© 2003 Elsevier Science Ltd. All rights reserved.
1. Introduction
Known distance-regular sub graphs often have many highly regular sub graphs.
Examples include Hamming graphs, folded cubes, Odd graphs and double Odd graphs.
There are strong relations between subgraphs and the original graph. By researching the
properties of subgraphs, much information can be gained about the original graph.
For any pair (u, v) of vertices in a connected graph Γ , we define Π (u, v) to be the
induced subgraph on the vertices lying on shortest paths between u and v in Γ .
Suppose Γ is a Hamming graph or the folded (2d + 1)-cube. Then Π (x, y) is a
geodetically closed hyper cube for any pair (x, y) of vertices.
Suppose Γ is an Odd graph of a doubled Odd graph. Then Π (x, y) is a geodetically
closed projective incidence graph for any pair (x, y) of vertices.
In this paper we consider a distance-regular graph such that Π (u, v) is a bipartite
geodetically closed subgraph for some pair (u, v) of vertices at distance t , and prove that
if at−1 = 0, then Π (x, y) is a bipartite geodetically closed subgraph for any pair (x, y) of
vertices at distance less than or equal to t .
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Moreover we classify distance-regular graphs of diameter d ≥ 4 such that ad−1 = 0
and Π (x, y) is a bipartite geodetically closed subgraph for any pair (x, y) of vertices.
The following are our main results.
Theorem 1.1. Let Γ be a distance-regular graph of diameter dΓ . Let t be an integer with
2 ≤ t ≤ dΓ − 1 such that at−1 = 0. Suppose Π (u, v) is a bipartite geodetically closed
subgraph in Γ for some pair (u, v) of vertices at distance t. Then a1 = · · · = at−1 = 0
andΠ (x, y) is a bipartite geodetically closed subgraph in Γ for any pair (x, y) of vertices
at distance less than or equal to t. Moreover one of the following holds.
(i) (c1, . . . , ct ) = (1, . . . , 1). For any pair (x, y) of vertices at distance m with
m ≤ t,Π (x, y) is a path of length m.
(ii) (c1, . . . , ct−1, ct ) = (1, . . . , 1, 2). For any pair (x, y) of vertices at distance m with
m ≤ t,Π (x, y) is a 2t-gon if m = t and a path of length m if m ≤ t − 1.
(iii) (c1, c2, . . . , ct ) = (1, 2, . . . , t). For any pair (x, y) of vertices at distance m with
m ≤ t,Π (x, y) is the m-cube.
(iv) (c1, c2, . . . , ct ) is either (1, 1, 2, 2, . . . , s, s) or (1, 1, 2, 2, . . . , s, s, s + 1), where
s := [ t2 ]. For any pair (x, y) of vertices at distance m with m ≤ t,Π (x, y) is the
(m, h)-projective incidence graph, where h := [m−12 ].
Theorem 1.2. Let Γ be a distance-regular graph of diameter dΓ = d ≥ 4 such that
ad−1 = 0. Then the following conditions are equivalent.
(i) Γ is either an ordinary polygon, the d-cube, the folded (2d+1)-cube, the Odd graph
Od+1 or the doubled Odd graph 2O d+1
2
.
(ii) Π (x, y) is a bipartite geodetically closed subgraph for any pair (x, y) of vertices
in Γ .
(iii) There exist pairs (u, v) and (u′, v′) of vertices at distance d and d − 1, respectively
such that Π (u, v) and Π (u′, v′) are bipartite geodetically closed subgraphs in Γ .
We recall the definitions and several known results in Section 2. In [9], Koolen gave
a sufficient condition for Π (u, v) to be a distance-regular subgraph. We modify and
reprove his results in Section 3. In Section 4, we investigate a graph containing bipartite
geodetically closed subgraphs. We prove our main results in Section 5.
2. Preliminary
All graphs considered are undirected finite graphs without loops or multiple edges. Let
Γ be a connected graph with usual distance ∂Γ . We identify Γ with the set of vertices. Let
dΓ := max{∂Γ (x, y) | x, y ∈ Γ } which is called the diameter of Γ . For a vertex u in Γ we
denote by Γ j (u) the set of vertices which are at distance j from u. Let kΓ (u) := |Γ1(u)|.
A graph Γ is called a regular graph of valency k if kΓ (u) = k for all u ∈ Γ .
For two vertices u and x in Γ with ∂Γ (u, x) = j , let
C(u, x) := Γ j−1(u) ∩ Γ1(x), A(u, x) := Γ j (u) ∩ Γ1(x) and
B(u, x) := Γ j+1(u) ∩ Γ1(x).
We denote by c(u, x), a(u, x) and b(u, x) their cardinalities, respectively.
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We say ci exists if ci = ci (Γ ) = c(x, y) does not depend on the choice of x and y under
the condition ∂Γ (x, y) = i . Similarly, we say ai exists, or bi exists.
It is clear that b0 exists iff Γ is a regular graph of valency b0.
A graph Γ is said to be distance-regular if ci , ai and bi−1 exist for all 1 ≤ i ≤ dΓ .
A connected graph Γ is called bipartite if its vertex set can be partitioned into two
classes Γ+ ∪ Γ− such that there is no edge in Γ+ and Γ−, respectively. In this case the
partition Γ+ ∪ Γ− is essentially unique and it is called the bipartition of Γ .
A bipartite graph Γ with the bipartition Γ+ ∪ Γ− is called biregular of valencies k+
and k− if kΓ (u) = k+ for all u ∈ Γ+ and kΓ (v) = k− for all v ∈ Γ−. A bipartite graph Γ
is called distance-regular if c(u, x) and b(u, x) depend only on j = ∂Γ (u, x) and the part
that the base point u belongs to. It is clear that a distance-biregular graph is biregular.
The reader is referred to [1, 3] for more detailed descriptions of distance-regular graphs
and distance-biregular graphs.
Throughout this paper for any pair (u, v) of vertices Π (u, v) denotes the subgraph
induced by the vertices lying on shortest paths between u and v.
Lemma 2.1. Let Γ be a connected graph. Let u, v ∈ Γ with ∂Γ (u, v) = t and
Π := Π (u, v). Then dΠ = t .
Proof. Let x, y ∈ Π . Then we have
2∂Π (x, y) = ∂Π (x, y)+ ∂Π (y, x)
≤ ∂Π (x, u)+ ∂Π (u, y)+ ∂Π (y, v)+ ∂Π (v, x)
= ∂Π (v, x)+ ∂Π (x, u)+ ∂Π (u, y)+ ∂Π (y, v) = 2∂Π (u, v).
Since ∂Π (u, v) = ∂Γ (u, v) = t , the desired result follows. 
Let Γ be a connected graph and ∅ = ∆ ⊆ Γ . We identify∆ with the induced subgraph
on it. Let u be a vertex of∆. A subgraph∆ is called geodetically closed with respect to u if
C(u, v) ⊆ ∆ for any v ∈ ∆. A subgraph∆ is called geodetically closed if it is geodetically
closed with respect to u for all u ∈ ∆.
Suppose ∆ is a geodetically closed subgraph in Γ . For any x, y ∈ ∆, shortest paths
between x and y are lying in ∆. Hence ∂∆(x, y) = ∂Γ (x, y) and we do not have to
distinguish them. We also use the notation ∂Γ (x, y) for the distance in a geodetically closed
subgraph.
Lemma 2.2.
(1) Let Γ be a connected graph and r be a positive integer. If ai−1 and ci exist for all
1 ≤ i ≤ r + 1 with a1 = · · · = ar = 0 and c1 = · · · = cr = 1 < cr+1, then Γ is
either regular, or biregular with r ≡ 0 (mod 2).
(2) Let Γ be a non-regular distance-biregular graph of diameter dΓ such that ci exists
for all 1 ≤ i ≤ dΓ . Then dΓ ≡ 0 (mod 2) and c2i−1 = c2i for all 1 ≤ i ≤ dΓ /2.
Proof. These are proved in [15, Lemma 3.2] and [10, Proposition 9]. 
Lemma 2.3. Let r and t be integers with 1 ≤ r < t . Let Γ be a connected graph such that
ci exists for all 1 ≤ i ≤ t with c1 = · · · = cr = 1 < cr+1. Let∆ be a bipartite geodetically
closed subgraph in Γ of diameter m with r + 1 ≤ m ≤ t . Then one of the following holds.
352 A. Hiraki / European Journal of Combinatorics 24 (2003) 349–363
(i) cm−1 < cm and ∆ is a distance-regular graph.
(ii) ∆ is a non-regular distance-biregular graph such that r ≡ m ≡ 0 (mod 2) and
c2i−1 = c2i for all 1 ≤ i ≤ m/2.
Proof. Since ∆ is a bipartite geodetically closed subgraph, ci and ai of ∆ exist with
ai (∆) = 0 and ci (∆) = ci (Γ ) for all 1 ≤ i ≤ m. It follows, by Lemma 2.2(1), that
∆ is either regular, or biregular with r ≡ 0 (mod 2).
If ∆ is regular of valency k∆, then bi of ∆ exists with bi (∆) = k∆ − ci (∆) for all 0 ≤
i ≤ m−1. Hence∆ is distance-regular and 0 < bm−1(∆) = k∆− cm−1(∆) = cm − cm−1.
If ∆ is biregular with the bipartition∆+ ∪∆− and valencies k+∆ and k−∆, then
b(u, x) =
{
k+∆ − c(u, x) if x ∈ ∆+
k−∆ − c(u, x) if x ∈ ∆−,
depends only on ∂Γ (u, x) and the part that the vertex x belongs to. It follows that b(u, x)
depends only on ∂Γ (u, x) and the part that the base point u belongs to. Thus∆ is distance-
biregular. The rest of the assertion follows from Lemma 2.2. 
Remark. This lemma can be obtained as a direct consequence of the result of Koolen
[10, Theorem 5]. A similar result was obtained by Suzuki [14, Theorem 2.2].
Let m and n be integers with 0 ≤ m < n. Let X be a fixed set of size n.
We denote by [n,m] the family of all m-subsets of a fixed n-element set X .
The Hamming graph H (d, n) is the graph whose vertex set is Xd , the Cartesian product
of d copies of X , and two vertices are adjacent iff they differ in precisely one coordinate.
In particular, the Hamming graph H (d, 2) is called the d-cube or a hyper cube.
The Odd graph Od+1 is the graph whose vertex set is [2d + 1, d] and two vertices are
adjacent iff they are disjoint.
The (n,m)-projective incidence graph is the bipartite graph with the bipartition [n,m] ∪
[n,m + 1], where x ∈ [n,m] and α ∈ [n,m + 1] are adjacent iff x ⊆ α.
It is well known that Hamming graphs and Odd graphs are distance-regular,
and projective incidence graphs are distance-biregular. Moreover the (n,m)-projective
incidence graph is distance-regular iff n = 2m + 1. The (2m + 1,m)-projective incidence
graph is called the doubled Odd graph denoted by 2Om+1.
A connected graph Γ of diameter dΓ ≥ 2 is called antipodal if the relation being at
distance 0 or dΓ is an equivalence relation on vertices. In this case, the folded graph of Γ
is defined as the graph whose vertices are equivalence classes under the above equivalence
relation, and two classes are adjacent if they contain an edge of Γ .
It is known that the doubled Odd graph 2Om+1 is antipodal and its folded graph is the
Odd graph Om+1. The d-cube is also antipodal.
More information of these graphs will be found in [1, Section III], [3, Sections 9.1–9.3]
and [7].
Remark. The (n,m)-projective incidence graph in this paper is expressed as the incidence
graph of (n, 1,m)-projective incidence structure in [11], the incidence graph ofPGm−1(n−
1, 1) in [5] and (n,m)1-projective incidence graph in [7].
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These families of graphs are characterized by their parameters. The following
propositions are proved by Egawa [6], Rifa` and Huguet [12], Cuypers [5] and Koolen [8].
Proposition 2.4. Let Γ be a distance-regular graph of diameter dΓ = d ≥ 4 such that
ci = i for all 1 ≤ i ≤ d.
(1) If Γ is bipartite, then Γ is the d-cube.
(2) If a1 = · · · = ad−1 = 0 < ad, then Γ is the folded (2d + 1)-cube.
Proof. These are proved in [6] and [12]. See also [3, Section 9.2 B] and [10,
Theorem 17]. 
Proposition 2.5. Let Γ be a connected graph of diameter dΓ = d ≥ 4 such that ci exists
for 1 ≤ i ≤ 4 with c1 = c2 = 1 and c3 = c4 = 2.
(1) If Γ is bipartite, then Γ is a projective incidence graph.
(2) If Γ is a non-bipartite distance-regular graph with a1 = a2 = a3 = 0, then Γ is the
Odd graph Od+1.
Proof. These are proved in [5, Theorem 4.7] and [10, Theorem 16]. 
Lemma 2.6. Let Γ be a non-regular distance-biregular graph of diameter dΓ = d ≥ 4
such that ci exists for all 1 ≤ i ≤ d. Suppose Γd(u) = {v} for some u, v ∈ Γ . Then
Γ = Π (u, v) and it is the (d, h)-projective incidence graph, where h = d2 − 1. In
particular, (ci ) = (1, 1, 2, 2, . . . , h + 1, h + 1).
Proof. Let (u = u0, u1, . . . , ud−1, ud = v) be a shortest path connecting u and v. Let
x ∈ Γ with ∂Γ (u, x) =: s ≤ d − 1. Then b(u, x) = b(u, us) > 0 and hence there exists
xs+1 ∈ B(u, x). Inductively we have a path (x = xs, xs+1, . . . , xd ) such that ∂Γ (u, xi ) = i
for all s ≤ i ≤ d . Since Γd(u) = {v}, we have xd = v and x ∈ Π (u, v). Hence
Γ = Π (u, v).
Lemma 2.2(2) implies that d ≡ 0 (mod 2) and c2i−1 = c2i for all 1 ≤ i ≤ d/2.
We may assume u ∈ Γ+. Then u2i−1 ∈ Γ− and u2i ∈ Γ+ for all 1 ≤ i ≤ d/2. We
have
k− = |Γ1(u2i−1)| = c(u, u2i−1)+ c(v, u2i−1) = c2i−1 + cd−2i+1
and
k+ = |Γ1(u2i )| = c(u, u2i )+ c(v, u2i ) = c2i + cd−2i
for all 1 ≤ i ≤ d/2. Since 1 = c1 = c2 and cd−1 = cd , we have k− = cd−1 + c1 =
cd + 1 = k+ + 1. Hence c4 = c3 = k− − cd−3 = k+ + 1 − cd−2 = c2 + 1 = 2.
Thus Γ has to be a projective incidence graph from Proposition 2.5. It is known that the
(n,m)-projective incidence graph with n ≥ 2m + 2 has diameter 2m + 2, valencies n −m
and m + 1. The desired result is proved. 
Lemma 2.7. Let Γ be a connected graph of diameter dΓ and let m be an integer with
1 ≤ m ≤ dΓ − 1. Then the following conditions are equivalent.
354 A. Hiraki / European Journal of Combinatorics 24 (2003) 349–363
(i) B(u, x) = B(v, x) for any u, v, x ∈ Γ with ∂Γ (u, v) = 1 and ∂Γ (u, x) =
∂Γ (v, x) = m.
(ii) There is no quadruple (u, v, x, y) of vertices such that ∂Γ (u, v) = ∂Γ (x, y) =
1, ∂Γ (u, x) = ∂Γ (v, x) = ∂Γ (v, y) = m and ∂Γ (u, y) = m + 1.
Proof.
(i) ⇒ (ii) Suppose there exists a quadruple (u, v, x, y) of vertices as in the statement of
(ii). Then y ∈ B(u, x)− B(v, x) contradicting the assumption of (i).
(ii) ⇒ (i) Let u, v, x ∈ Γ with ∂Γ (u, v) = 1 and ∂Γ (u, x) = ∂Γ (v, x) = m. For any
y ∈ B(u, x) we have ∂Γ (u, y) = m + 1 and hence ∂Γ (v, y) = m + 1 from
the triangle inequality on (u, v, x, y) and the assumption of (ii). This implies
B(u, x) ⊆ B(v, x). We have B(v, x) ⊆ B(u, x) by symmetry. The lemma is
proved. 
We say the condition (SS)m holds if the conditions of the above lemma hold.
Remarks.
(1) The condition (SS)1 holds iff Γ has no induced subgraph K2,1,1.
(2) It is clear that the condition (SS)m holds if am exists with am = 0.
(3) If there exists a quadruple (u, v, x, y) of vertices as in the statement (ii) of
Lemma 2.7, then x ∈ C(u, y)−C(v, y). It follows that the condition (SS)m holds if
cm and cm+1 exist with cm = cm+1.
Lemma 2.8. Let Γ be a connected graph of diameter dΓ and let m be an integer with
2 ≤ m ≤ dΓ . Then the following conditions are equivalent.
(i) The conditions (SS)i hold for all 1 ≤ i ≤ m − 1.
(ii) For any positive integers i and j with i + j ≤ m, there is no quadruple (u, v, x, y)
of vertices such that ∂Γ (u, v) = 1, ∂Γ (u, x) = ∂Γ (v, x) = i, ∂Γ (x, y) = j ,
∂Γ (v, y) = i + j − 1 and ∂Γ (u, y) = i + j .
(iii) Π (z, z′) is bipartite for any pair (z, z′) of vertices at distance less than or equal to m.
Proof.
(i) ⇒ (ii) We show the assertion by induction on j . The case j = 1 follows from
Lemma 2.7. Assume j > 1 and there exists a quadruple (u, v, x, y) of vertices
as in the statement of (ii). Take any x ′ ∈ C(y, x). Then we have x ′ ∈ B(u, x) =
B(v, x) from Lemma 2.7. The quadruple (u, v, x ′, y) of vertices contradicts
our inductive assumption.
(ii) ⇒ (iii) We show the assertion by induction on s := ∂Γ (z, z′). The case s = 1 is
clear. Assume s ≥ 2 and there exists an edge (x, y) in Π (z, z′) such that
∂Γ (z, x) = ∂Γ (z, y) to derive a contradiction. Let i := ∂Γ (z, x) and w ∈
C(x, z). Then ∂Γ (y, w) ∈ {i−1, i} from the triangle inequality on (w, z, x, y).
If ∂Γ (y, w) = i − 1, then x, y ∈ Π (w, z′) such that ∂Γ (w, x) = ∂Γ (w, y),
which contradicts our inductive assumption. If ∂Γ (y, w) = i , then (z, w, y, z′)
contradicts our assumption (ii).
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(iii) ⇒ (i) Let i be an integer with 1 ≤ i ≤ m − 1. Suppose there exists a quadruple
(u, v, x, y) of vertices such that ∂Γ (u, v) = ∂Γ (x, y) = 1, ∂Γ (u, x) =
∂Γ (v, x) = ∂Γ (v, y) = i and ∂Γ (u, y) = i + 1. Then u, v, x ∈ Π (u, y).
This contradicts the assumption thatΠ (u, y) is bipartite. The assertion follows
from Lemma 2.7. 
3. The results of Koolen
All results in this section are just the restatements of the results of Koolen [9]. We
reprove his results for convenience. Let t be an integer with t ≥ 2.
Proposition 3.1. Let Γ be a connected graph such that ci exists for all 1 ≤ i ≤ t . For
any pair (u, v) of vertices at distance t, define Π (u, v) as the induced subgraph on the
vertices lying on shortest paths between u and v. Suppose the condition (SS)t−1 holds and
ci + ct−i = ct for all 1 ≤ i ≤ t − 1. Then Π (u, v) is a bipartite distance-regular graph of
diameter t as a geodetically closed subgraph in Γ .
A quadruple (u, v, x, y) of vertices is called a t-box if
∂Γ (u, v) = ∂Γ (x, y) = t, ∂Γ (u, x) = ∂Γ (v, y) = 1 and
∂Γ (u, y) = ∂Γ (v, x) = t − 1.
Lemma 3.2. Let Γ be a connected graph such that ct−1 and ct exist with ct = 1 + ct−1.
Suppose the condition (SS)t−1 holds. Let (u, v) be a pair of vertices at distance t.
(1) For any x ∈ C(v, u) there exists a unique vertex x∗ ∈ C(u, v) such that ∂Γ (x, x∗) =
t and (u, v, x, x∗) is a t-box. In particular, the map ∗: C(v, u) → C(u, v) is a
bijection.
(2) Let z ∈ Π (u, v) − {u} and let C(z, u) = {α1, . . . , αm}, where m := c(z, u).
Then {α∗1 , . . . , α∗m} ⊆ B(z, v). Moreover if c(z, u) + c(z, v) = c(u, v), then{α∗1 , . . . , α∗m} ∪ C(z, v) = C(u, v).
(3) Suppose Π (x, x ′) = Π (y, y ′) for any t-box (x, x ′, y, y ′) in Γ . Then Π (u, v) is a
geodetically closed subgraph in Γ .
Proof.
(1) Since ct = 1 + ct−1, there exists a unique vertex x∗ ∈ C(u, v) − C(x, v).
If ∂Γ (x, x∗) = t − 1, then (u, x, x∗, v) contradicts the condition (SS)t−1 from
Lemma 2.7. Hence we have ∂Γ (x, x∗) = t . The assertion is proved.
(2) For any 1 ≤ j ≤ m we have
∂Γ (z, α
∗
j ) ≥ ∂Γ (α j , α∗j )− ∂Γ (α j , z)
= ∂Γ (u, v)− (∂Γ (u, z)− 1) = ∂Γ (z, v) + 1.
The first assertion follows. This implies {α∗1 , . . . , α∗m} ∩ C(z, v) = ∅. The second
assertion follows by comparing the sizes of both sides of {α∗1 , . . . , α∗m} ∪ C(z, v) ⊆
C(u, v).
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(3) It is clear that Π := Π (u, v) is geodetically closed with respect to u. Take any
z ∈ Π − {u}. Let s := ∂Γ (u, z) and (u = z0, . . . , zs = z) be a shortest path
between u and z. Then z1 ∈ C(v, u) and hence there exists v1 ∈ C(u, v) such that
(u, v, z1, v1) is a t-box from (1). Inductively, there exists a path (v = v0, . . . , vs)
such that (zi−1, vi−1, zi , vi ) is a t-box for all 1 ≤ i ≤ s. Our assumption implies
Π = Π (z0, v0) = · · · = Π (zs, vs).
Hence Π is geodetically closed with respect to z = zs . The lemma is proved. 
Lemma 3.3. Let Γ be a graph satisfying the conditions of Proposition 3.1
(1) For any integer i with 1 ≤ i ≤ t − 1 there exists no quadruple (u, v, x, y) of
vertices such that ∂Γ (u, v) = t, ∂Γ (x, y) = 1, ∂Γ (u, x) = ∂Γ (u, y) = i , and
∂Γ (x, v) = ∂Γ (y, v) = t − i .
(2) Π (u, v) is bipartite for any pair (u, v) of vertices at distance t.
Proof.
(1) We prove the assertion by induction on i . Suppose there exists a quadruple
(u, v, x, y) of vertices as in the statement to derive a contradiction.
If i = 1, then x, y ∈ C(v, u) and hence there exist x∗, y∗ ∈ C(u, v) such
that ∂Γ (x, x∗) = ∂Γ (y, y∗) = t from Lemma 3.2(1). Since the condition (SS)t−1
holds, we have x∗ ∈ B(x, v) = B(y, v). This implies x∗ = y∗ which contradicts
Lemma 3.2(1).
Assume i ≥ 2. Let α ∈ C(x, u) ⊆ C(v, u). Then there exists α∗ ∈ C(u, v) such
that ∂Γ (α, α∗) = t from Lemma 3.2(1). Since
∂Γ (α
∗, y) ≥ ∂Γ (α, α∗)− ∂Γ (α, x)− ∂Γ (x, y) = t − i,
we have α∗ /∈ C(y, v). This implies α ∈ C(y, u) and α∗ ∈ B(y, v) from
Lemma 3.2(2). Then (α, α∗, x, y) contradicts our inductive assumption. The desired
result is proved.
(2) This follows from (1). 
Proof of Proposition 3.1. We prove Π (x, x ′) = Π (y, y ′) if (x, x ′, y, y ′) is a t-box.
Let z ∈ Π (x, x ′). If y ∈ C(z, x), then z ∈ Π (y, y ′) from the triangle inequality on
(z, x ′, y, y ′). If y /∈ C(z, x), then we have y ′ ∈ C(z, x ′) from Lemma 3.2(2). Thus z ∈
Π (y, y ′) from the triangle inequality on (z, x, y, y ′). In each case we have z ∈ Π (y, y ′)
and thus Π (x, x ′) ⊆ Π (y, y ′). By symmetry we have Π (x, x ′) = Π (y, y ′). The claim is
proved.
It follows that Π (u, v) is a bipartite geodetically closed subgraph of diameter t from
Lemmas 2.1, 3.2(3) and 3.3(2). Since ct−1 < ct ,Π (u, v) is a distance-regular graph from
Lemma 2.3. 
4. Bipartite geodetically closed subgraphs
We say the condition (BGC) j holds if for any given pair of vertices at distance j there
exists a bipartite geodetically closed subgraph of the diameter j containing them.
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In this section we prove the following result.
Proposition 4.1. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let t be an
integer with 2 ≤ t ≤ dΓ − 1. Suppose the condition (BGC)t holds. Then the conditions
(BGC)i and (SS)i hold for all 1 ≤ i ≤ t − 1.
Moreover if ct = 1 + ct−1, then one of the following holds.
(i) (c1, . . . , ct−1, ct ) = (1, . . . , 1, 2). Any bipartite geodetically closed subgraph of
diameter t is an ordinary 2t-gon.
(ii) t = 4 and (c1, c2, c3, c4) = (1, 1, 2, 3). Any bipartite geodetically closed subgraph
of diameter 4 is the Pappus graph.
(iii) (c1, c2, . . . , ct ) = (1, 2, . . . , t). Any bipartite geodetically closed subgraph of
diameter t is the t-cube.
(iv) t is odd with t = 2s+ 1 and (c1, . . . , ct ) = (1, 1, 2, 2, . . . , s, s, s + 1). Any bipartite
geodetically closed subgraph of diameter t is the doubled Odd graph 2Os+1.
Let Pm = Pm(Γ ) be the set of all pairs of vertices at distance m in Γ . Let (x, y) ∈ Pm .
If there exist bipartite geodetically closed subgraphs of the diameter m containing x and
y, then we define ∆(x, y) to be their intersection. Then ∆(x, y) is the smallest bipartite
geodetically closed subgraph of diameter m containing x and y. Moreover if cm−1 < cm ,
then ∆(x, y) is distance-regular and hence it is the unique bipartite geodetically closed
subgraph of diameter m containing x and y.
If cm = 1, then the condition (BGC)m always holds. In this case for any (x, y) ∈
Pm ,∆(x, y) is the unique shortest path between them.
Lemma 4.2. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let t be an integer
with 2 ≤ t ≤ dΓ − 1 and ct ≥ 2. Let ∆ be a bipartite geodetically closed subgraph of
diameter t in Γ .
(1) Let x, y ∈ ∆ with ∂Γ (x, y) = t − 1. Then at least one of B(x, y) ∩ ∆ and
B(y, x) ∩ ∆ is not the empty set.
(2) If z, z′ ∈ ∆, then Π (z, z′) ⊆ ∆.
(3) Let u, v ∈ Γ . Π (u, v) is a bipartite geodetically closed subgraph iff Π (u, v) =
∆(u, v).
Proof.
(1) ∆ is either distance-regular, or distance-biregular with t ≡ 0 (mod 2) from
Lemma 2.3. If ∆ is distance-regular, then B(x, y) ∩ ∆ = ∅ as ∂Γ (x, y) = t − 1 <
t = d∆. If ∆ is distance-biregular with d∆ = t ≡ 0 (mod 2), then x and y belong
to the different parts of the bipartition. Hence the desired result follows.
(2) This is clear from the definition of a geodetically closed subgraph.
(3) This follows from (2) and the definition of ∆(u, v). 
Lemma 4.3. Let ∆ be a bipartite distance-regular graph of diameter d∆ = m ≥ 3.
Suppose cm−2 < cm−1 and the condition (BGC)m−1 holds. Then (cm−1 − cm−2)|(cm −
cm−1).
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Proof. Let (x, z) ∈ Pm−2(∆). Let S be the set of all bipartite geodetically closed
subgraphs of diameter m − 1 in ∆ containing x and z. We count the size of the set
{(Λ, y)|Λ ∈ S, y ∈ B(x, z) ∩ Λ}
in two ways. Since cm−2 < cm−1, any bipartite geodetically closed subgraph of diameter
m−1 is distance-regular. For any y ∈ B(x, z) there exists the unique bipartite geodetically
closed subgraph of diameter m − 1 in ∆ containing x and y. Then we have




Since bm−2 = cm − cm−2 and bm−2(Λ) = kΛ − cm−2(Λ) = cm−1 − cm−2 for all Λ ∈ S,
we have cm − cm−1 = (|S| − 1)(cm−1 − cm−2). The lemma is proved. 
Lemma 4.4. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let t be an integer
with 2 ≤ t ≤ dΓ − 1. Suppose the condition (BGC)t holds. Then the following hold.
(1) The condition (BGC)t−1 holds.
(2) The conditions (BGC)i and (SS)i hold for all 1 ≤ i ≤ t − 1.
(3) Any bipartite geodetically closed subgraph ∆ of diameter d∆ = t satisfies the
condition (BGC) j for all 1 ≤ j ≤ t − 1.
(4) If ct−2 < ct−1 < ct , then (ct−1 − ct−2)|(ct − ct−1).
Proof.
(1) We may assume that ct ≥ 2. Let (u, v) ∈ Pt−1(Γ ). Define













Then Ω is a bipartite geodetically closed subgraph containing u and v. We prove
dΩ = t − 1.
It is clear that t − 1 = ∂Γ (u, v) ≤ dΩ ≤ t . Suppose dΩ = t to derive a
contradiction. We may assume B(u, v) ∩ Ω = ∅ from Lemma 4.2(1). Let w ∈
B(u, v) ∩ Ω and w′ ∈ B(w, u) ⊆ B(v, u). Then w ∈ Ω ⊂ ∆(v,w′) =: ∆ and
hence t + 1 = ∂Γ (w,w′) ≤ d∆ = t . This is a contradiction. Therefore dΩ = t − 1.
The assertion is proved.
(2) The conditions (BGC)i hold for all 1 ≤ i ≤ t from (1) and induction on t − i .
Then Π (z, z′) ⊆ ∆(z, z′) for any pair (z, z′) of vertices at distance less than or equal
to t . Hence Π (z, z′) is bipartite. The conditions (SS)i hold for all 1 ≤ i ≤ t from
Lemma 2.8.
(3) Let x, y ∈ ∆ with ∂Γ (x, y) = t − 1. We may assume there exists z ∈ B(x, y) ∩∆
from Lemma 4.2(1). Then Ω(x, y) ⊆ ∆(x, z) ⊆ ∆. Hence ∆ satisfies the condition
(BGC)t−1. The desired result follows from (2).
(4) Let (w,w′) ∈ Pt (Γ ). Since ct−1 < ct , we have ∆ := ∆(w,w′) is a bipartite
distance-regular graph of diameter d∆ = t which satisfies the condition (BGC)t−1
from (3) and Lemma 2.3. The assertion follows from Lemma 4.3. 
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A subgraph∆ of a connected graph Γ is called strongly closed if C(x, y)∪A(x, y) ⊆ ∆
for any x, y ∈ ∆. In [7] we characterized doubled Grassmann graphs, doubled Odd graphs
and Odd graphs by the existence of a sequence of strongly closed subgraphs.
When Γ is bipartite, a subgraph∆ is strongly closed iff it is geodetically closed. Hence
we have the following.
Proposition 4.5. Let Γ be a bipartite distance-regular graph of diameter dΓ and r :=
max{i | (ci , bi ) = (c1, b1)} with r + 2 ≤ dΓ . Suppose the condition (BGC)h holds for
some h with r + 1 ≤ h ≤ dΓ − 1 and a geodetically closed subgraph of diameter h is a
non-regular distance-biregular graph. Then one of the following holds.
(i) Γ is either a doubled Grassmann graph or a doubled Odd graph.
(ii) (r, h) = (4, 6), c5 = c6 = 2 and kΓ ∈ {3, 57}. In particular, dΓ ≥ 8 and the
condition (BGC)7 does not hold.
Proof. This is proved in [7, Proposition 4.5]. 
Corollary 4.6. Let∆ be a bipartite distance-regular graph of diameter d∆ = m such that
bm−1 = 1 and the condition (BGC)m−1 holds. If 2 ≤ ch−1 = ch for some h ≤ m−1, then
∆ is a doubled Odd graph.
Proof. The condition (BGC)h holds from Lemma 4.4(2). Since 2 ≤ ch−1 = ch , a
geodetically closed subgraph of diameter h is a non-regular distance-biregular graph from
Lemma 2.3. Since bm−1 = 1, the desired result follows from Proposition 4.5. 
Lemma 4.7. Let ∆ be a bipartite distance-regular graph of diameter d∆ = m and
bm−1 = 1. If the condition (BGC)m−1 holds, then∆ is one of the following graphs.
(i) The ordinary 2m-gon with (ci ) = (1, 1, . . . , 1, 2).
(ii) The Pappus graph with (ci ) = (1, 1, 2, 3).
(iii) The m-cube with (ci ) = (1, 2, . . . ,m).
(iv) The doubled Odd graph 2Os+1 with (ci ) = (1, 1, 2, 2, . . . , s, s, s + 1), where
s := m−12 .
Proof. The conditions (BGC) j hold for all 1 ≤ j ≤ m − 1 from Lemma 4.4(2). Let
r := max{i | (ci , bi ) = (c1, b1)}. If m = r + 1, then k∆ = cm−1 + bm−1 = 2 and we
have (i). Let m ≥ r + 2. We may assume 1 = cr < cr+1 < · · · < cm−1 < cm , otherwise
we have (iv) from Corollary 4.6. Since cm − cm−1 = bm−1 = 1, Lemma 4.3 implies that
cm−1 − cm−2 = 1. Inductively we have cm− j+1 − cm− j = 1 for all 1 ≤ j ≤ m − r from
Lemma 4.4(4).
If m = r + 2, then k∆ = cm−1 + bm−1 = 3. Thus we have (ii) or (iii) by the
classification of distance-regular graphs of valency three [2].
If m ≥ r + 3, then a bipartite geodetically closed subgraph of diameter r + 3 is a
distance-regular graph with (cr , cr+1, cr+2, cr+3) = (1, 2, 3, 4). Then we have r = 1 by
the classification of distance-regular graphs of valency four [4]. Hence we have (iii) from
Proposition 2.4. The lemma is proved. 
Proof of Proposition 4.1. The first assertion follows from Lemma 4.4(2).
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Assume ct = 1 + ct−1. Let (x, y) ∈ Pt (Γ ). The ∆ := ∆(x, y) is a bipartite distance-
regular graph of diameter d∆ = t satisfying the condition (BGC)t−1 from Lemmas 2.3
and 4.4(3). Since ci (∆) = ci for all 1 ≤ i ≤ t and bt−1(∆) = k∆−ct−1(∆) = ct−ct−1 =
1, the desired result follows from Lemma 4.7. 
Let Γ be a distance-regular graph of diameter d ≥ 4, such that (c1, c2, c3, c4) =
(1, 1, 2, 3) and a1 = a2 = a3 = 0.
In [8] Koolen proved that for any given pair of vertices in Γ at distance 4 there exists a
bipartite geodetically closed Pappus subgraph containing them.
Hence we have the following result as a direct consequence.
Corollary 4.8. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let t be an
integer with 2 ≤ t ≤ dΓ − 1 such that ct = 1 + ct−1 and a1 = · · · = at−1 = 0. Then the
condition (BGC)t holds if and only if one of the following holds.
(i) (c1, . . . , ct−1, ct ) = (1, . . . , 1, 2).
(ii) t = 4 and (c1, c2, c3, c4) = (1, 1, 2, 3).
(iii) (c1, c2, . . . , ct ) = (1, 2, . . . , t).
(iv) t is odd with t = 2s + 1 and (c1, . . . , ct ) = (1, 1, 2, 3, . . . , s, s, s + 1). 
5. Proof of the theorems
Our purpose in this section is to prove our main results. We also use the notation
Pm = Pm(Γ ) for the set of all pairs of vertices at distance m in Γ . We begin with a
few lemmas.
Lemma 5.1. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let m be an
integer with 2 ≤ m ≤ dΓ . Suppose cm−1 < cm and Π (u, v) is a bipartite geodetically
closed subgraph for some (u, v) ∈ Pm. Then ci + cm−i = cm for all 1 ≤ i ≤ m − 1.
Moreover if the condition (SS)m−1 holds, then Π (x, y) is a bipartite geodetically closed
subgraph for any (x, y) ∈ Pm.
Proof. Π := Π (u, v) is distance-regular of valency KΠ = cm from Lemma 2.3. Let
(u = u0, u1, . . . , um = v) be a shortest path connecting u and v. Then
cm = kΠ (ui ) = c(u, ui )+ c(v, ui ) = ci + cm−i
for all 1 ≤ i ≤ m − 1. The second assertion follows from Proposition 3.1. 
Lemma 5.2. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let t be an
integer with 2 ≤ t ≤ dΓ −1. If Π (u, v) is a bipartite geodetically closed subgraph for any
(u, v) ∈ Pt , then Π (z, z′) is a bipartite geodetically closed subgraph for any pair (z, z′)
of vertices at distance less than t.
Proof. Let (x, y) ∈ Pt−1. We prove that Π (x, y) is a bipartite geodetically closed
subgraph. Then the desired result follows by induction on t − ∂Γ (z, z′).
Since the condition (BGC)t holds from our assumption, the condition (BGC)t−1 holds
from Lemma 4.4(1). It is enough to show that∆(x, y) ⊆ Π (x, y) by Lemma 4.2(2), (3).
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Suppose∆(x, y)−Π (x, y) = ∅ to derive a contradiction. Take w ∈ ∆(x, y)−Π (x, y)
that has minimal distance from x . Let w′ ∈ C(x, w). Since ∆(x, y) is geodetically closed,
w′ ∈ ∆(x, y) and hence w′ ∈ Π (x, y) from the minimality of s := ∂Γ (x, w). Then
∂Γ (x, w
′) = s − 1, ∂Γ (y, w′) = t − s and ∂Γ (y, w) = t − s + 1. Let y ′ ∈ B(x, y). Then
we have
w ∈ ∆(x, y) ⊆ Ω(x, y) ⊆ ∆(x, y ′) = Π (x, y ′)
from Lemma 4.2(3). This implies ∂Γ (y ′, w) = t − s and thus y ′ ∈ C(w, y) ⊆ ∆(x, y).
Hence t = ∂Γ (x, y ′) ≤ d∆(x,y) = t−1 which is a contradiction. The lemma is proved. 
Proposition 5.3. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let t be an
integer with 2 ≤ t ≤ dΓ − 1. Suppose ct−1 < ct and the condition (SS)t−1 holds. Then
the following conditions are equivalent.
(i) Π (u, v) is a bipartite geodetically closed subgraph for any (u, v) ∈ Pt .
(ii) Π (u′, v′) is a bipartite geodetically closed subgraph for some (u′, v′) ∈ Pt .
(iii) ci + ct−i = ct for all 1 ≤ i ≤ t − 1.
(iv) (c1, . . . , ct ) = (1, . . . , 1, 2), (1, 2, . . . , t) or (1, 1, 2, 2, . . . , s, s, s + 1) where
s := t−12 .
Proof.
(i) ⇔ (ii) ⇔ (iii) These follow from Proposition 3.1 and Lemma 5.1.
(i) ⇒ (iv) We have ct = 1 + ct−1 from Lemma 5.1. This follows from
Proposition 4.1.
(iv) ⇒ (iii) This is clear. 
Proposition 5.4. Let Γ be a distance-regular graph of diameter dΓ ≥ 4, and let t
be an integer with 3 ≤ t ≤ dΓ − 1. If 2 ≤ ct−1 = ct , then the following conditions
are equivalent.
(i) Π (u, v) is a bipartite geodetically closed projective incidence graph for any
(u, v) ∈ Pt .
(ii) Π (u′, v′) is a bipartite geodetically closed subgraph for some (u′, v′) ∈ Pt .
(iii) t is even with t = 2h + 2 and (c1, . . . , ct ) = (1, 1, 2, 2, . . . , h, h, h + 1, h + 1).
(iv) Γ is either the Odd graph, or the doubled Odd graph.
Proof.
(i) ⇒ (ii) This is clear.
(ii) ⇒ (iii) This follows from Lemmas 2.3 and 2.6.
(iii) ⇒ (iv) Since (c1, c2, c3, c4) = (1, 1, 2, 2). The assertion follows from
Proposition 2.5.
(iv) ⇒ (i) This is straightforward (see [7, Section 2]). 
Lemma 5.5. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let t be an integer
with 2 ≤ t ≤ dΓ − 1. Suppose the condition (SS)t−1 holds and Π (u′, v′) is a bipartite
geodetically closed subgraph for some (u′, v′) ∈ Pt . Then for any integer i with 1 ≤ i ≤ t
and for all (x, y) ∈ Pi ,Π (x, y) is a bipartite geodetically closed subgraph.
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Proof. Propositions 5.3 and 5.4 imply that Π (u, v) is a bipartite geodetically closed
subgraph for any (u, v) ∈ Pt . The lemma follows from Lemma 5.2. 
Lemma 5.6. Let Γ be a distance-regular graph of diameter dΓ ≥ 3, and let m be an
integer with 2 ≤ m ≤ dΓ . If am = 0 and the condition (SS)m−1 holds, then am−1 = 0.
Proof. Suppose am−1 > 0 to derive a contradiction. Let (x, y) ∈ Pm−1. Then there exist
z ∈ A(x, y) and x ′ ∈ B(y, x). It follows, by Lemma 2.7, that x ′ ∈ B(y, x) = B(z, x).
Hence we have z ∈ A(x ′, y) which contradicts our assumption. 
Proof of Theorem 1.1. Since at−1 = 0, the condition (SS)t−1 holds. It follows, by
Lemma 5.5, that Π (x, y) is a bipartite geodetically closed subgraph for any pair (x, y)
of vertices at distance less than or equal to t .
Hence the conditions (SS)i hold for all 1 ≤ i ≤ t − 1 from Lemma 2.8. Thus we have
at−1 = at−2 = · · · = a1 = 0 from Lemma 5.6 and an easy induction.
The rest of the assertion follows from Propositions 2.4, 2.5, 5.3 and 5.4. 
To prove Theorem 1.2 we need the following well-known result.
Proposition 5.7. Let Γ be a distance-regular graph of diameter dΓ = d ≥ 4 such that
c1 = · · · = cd−1 = 1 and a1 = · · · = ad−1 = 0.
(1) If cd = 1, then Γ is an ordinary (2d + 1)-gon.
(2) If cd = 2, then Γ is an ordinary 2d-gon.
Proof.
(1) This follows from the well-known fact that a Moore graph of diameter d ≥ 4 is an
ordinary (2d + 1)-gon. See [3, Theorem 6.7.1] and [1, Theorem 3.1].
(2) This is proved in [13]. 
Proof of Theorem 1.2.
(i) ⇒ (ii) ⇒ (iii) These are straightforward.
(iii) ⇒ (i) Since Π (u′, v′) is a bipartite geodetically closed subgraph for some
(u′, v′) ∈ Pd−1, we have a1 = · · · = ad−1 = 0 and Π (x, y) is a
bipartite geodetically closed subgraph for any pair (x, y) of vertices at
distance less than or equal to d − 1 from Theorem 1.1.
If cd = 1, then Γ is an ordinary (2d + 1)-gon by Proposition 5.7. Assume cd ≥ 2.
We may assume that Γ is neither the Odd graph nor the doubled Odd graph. Then we
have (c1, c2, c3, c4) = (1, 1, 2, 2) and cd−1 < cd by Propositions 2.5 and 5.4.
Lemma 5.1 implies cd = 1 + cd−1. If cd−1 = 1, then Γ is an ordinary 2d-gon by
Proposition 5.7.
Suppose 2 ≤ cd−1. Then Theorem 1.1 implies (c1, c2, . . . , cd−1) = (1, 2, . . . , d − 1)
and thus cd = 1+ cd−1 = d . Therefore Γ is either the d-cube or the folded (2d + 1)-cube
by Proposition 2.4.
The theorem is proved. 
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